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Stability in Nonlinear Neutral Differential
Equations with Infinite Delay

ABDELOUAHEB ARDJOUNI AND AHCENE DJOUDI

ABSTRACT. In this paper we use the contraction mapping theorem to
obtain asymptotic stability results of the nonlinear neutral differential
equation with infinite delay

d d
3720 = —a(t)a(t = (1) + ;Q z(t — (1))

+ /_ D(t,5)f(x(s)) ds.

An asymptotic stability theorem with a necessary and sufficient con-
dition is proved, which improves and generalizes some results due to
Burton [6], Zhang [17], Althubiti, Makhzoum, Raffoul [1].

1. INTRODUCTION

Certainly, the Lyapunov direct method has been successfully used to in-
vestigate stability properties of a wide variety of ordinary, functional and
partial differential equations. Nevertheless, the application of this method
to problems of stability in differential equations with delay has encountered
serious difficulties if the delay is unbounded or if the equation has unbounded
terms [4-6]. Recently, investigators such as Burton, Zhang, Raffoul and oth-
ers have noticed that some of these difficulties vanish or might be overcome
by means of fixed point theory see ([1]-[15], [17]). The fixed point theory
does not only solve the problem on stability but has a significant advan-
tage over Lyapunov’s direct method. The conditions of the former are often
averages but those of the latter are usually pointwise (see [4]).

In this paper we consider the nonlinear neutral differential equation with

infinite delay
Lalt) = —alt)(t — (1) + = Q(t,a(t — (1)

1) t
" / D(t,5)f(x(s)) d,
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with the initial condition
x(t) = (t) for t € (—o0, o],

where 1) € C((—00,19],R) is bounded. Here C(S,S2) denotes the set of all
continuous functions ¢ : SjarrowSs with the supremum norm ||.||. Through-
out this paper we assume that a € C(RT,R), D € C(RT x R,R) and
71,79 € C(RT,RY) with ¢ — 71 (t) — oo and ¢ — 72(t) — o0 as t — oo. The
functions Q(t,z) and f(x) are globally Lipschitz continuous in . That is,
there are positive constants L; and Lo such that

(2) Q(t,x) — Q(t,y)| < Lallz —yl,
and
(3) |f(z) = f(Y)] < Laflz —y]|.

Also, there is positive constant Lg such that

t
(4) /] ID(t,8)|d s < Ls.

—00

So, we assume that

(5) Q(t,0) = f(0) = 0.
Equation (1) and its special cases have been investigated by many authors.
For example, Burton in [6], and Zhang in [17] have studied the equation

(6) '(t) = —a(t)z(t — (1)),
and proved the following.

Theorem A (Burton [6]). Suppose that T (t) = r and there exists a constant
o < 1 such that

t
/'|(s+r)ds
/|a5+r|e J; alut) “</ ]a(u+r)|du>ds§a,

forallt > 0 and f s)ds = co. Then, for every continuous initial function
Y [-r,0] = R, the solutzon x(t) = x(t,0,v) of (6) is bounded and tends
to zero as — 00.

Theorem B (Zhang [17]). Suppose that 71 is differentiable, the inverse
function g of t — 11(t) eacists and there exists a constant o € (0,1) such
that for t > 0, hm inf fo ))ds > —o0 and

(7)

t t ¢
/ﬁ kﬂﬂ@ﬂds+:/efﬂaww”dﬂdﬂlﬂwﬂds
t—71(t) 0

te’f;“((u))dua s s alolu Nds<a
oyt ‘(M)N<L7ﬂ$|@(ﬁhi>d <
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Then the zero solution of (6) is asymptotically stable if and only if
fo ))ds — 00 as t — oo.

ObV1ously, Theorem B improves Theorem A. On the other hand, Althu-
biti, Makhzoum, Raffoul in [1] considered the following nonlinear neutral
differential equation

) 2ol = —al0e() + QUat — ) + [ Dt () s

and obtained the following.

Theorem C (Althubiti, Makhzoum, Raffoul [1]). Suppose (. 2) (5) hold, and
there exists a constant « € (0,1) such that for t > 0, fO s)ds — oo as
t — oo, and

(10) L1+/ e~ JLa@ AL 10()] 4 LoLs]ds < .
0

Then every solution x(t) = x(t,0,v) of (9) with a small continuous initial
function 1 is bounded and tends to zero as t — oo.

Our purpose here is to give, by using the contraction mapping principle,
asymptotic stability results of a nonlinear neutral differential equation with
infinite delay (1). An asymptotic stability theorem with a necessary and
sufficient condition is proved. The results presented in this paper improve
and generalize the main results in [1,6,17].

2. MAIN RESULTS

For each (tg,v) € Rt x C((—o0, tg],R), a solution of (1) through (¢, ) is
a continuous function x : (—oo, tg+0) — R for some positive constant o > 0
such that x satisfies (1) on [tg,to + 0) and = = ¢ on (—o0, ty]. We denote
such a solution by z(t) = (¢, to, 1). For each (to,v) € RT x C((—o0, to],R),
there exists a unique solution x(t) = x(t, to, ) of (1) defined on [tg, 00). For
fixed tg, we define [|1]| = sup{|y(t)| : —oo < t < tp}. Stability definitions
may be found in [4], for example.

Our aim here is to generalize Theorem B and Theorem C to (1).

Theorem 2.1. Suppose (2)-(5) hold. Let 7; be differentiable, and suppose
that there exist continuous functions h; : [m;j(tg),00) = R for j = 1,2 and
a constant o € (0,1) such that fort >0

¢
(11) lim inf/ H(s)ds > —oo,

t—o00
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and

(12)

where H(t) = Zhj(t). Then the zero solution of (1) is asymptotically stable

J_
if and only if

t
(13) /H(s)ds—>oo as t— oo.
0

Proof. First, suppose that (13) holds. For each ty > 0, we set

(14) K = sup{eJo H(9)ds1,
t>0

Let ¢ € C((—o00,to],R) be fixed and define
S={peCR,R): p(t) >0ast— o0, @(t)=1(t) fort € (—o0,tp]}.
This S is a complete metric space with metric p(x,y) = sup{|z(t) — y(¢)|}.

t>to

t
Multiply both sides of (1) by eJio T % 51 d then integrate from tg to ¢
to obtain

L H(u)du

2(t) = (¥(to) — Q(to, Y(to — ma(to))))e Yo
+ Q(t, x(t — 2(t) +Z/e Jo H(u d“h()()d

+ [ et "{ a(s)als = 1(s) — H(5)Q(s,a(s — ()

/ D(s,u)f ))du}ds.
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Performing an integration by parts, we have

z(t) = (¥(to) — Q(to, ¥(to — ™2(t0)))) e~ Jiy H(w)du
- S t —ftH(u)dud</s hj(w)z(u)d )
et 2(t)))+j§=:1/t0 s—7j(s) ’

2 t .
+ Zl /to e f.s H(u)du{h](s — TJ(S))(l - TJI(S))}J,'(S — TJ(S)) ds

" / e I H(“)d“{—a(s)x(s —711(s)) — H(s)Q(s, (s — 72(s)))

to
+ 3 D(s,u)f(m(u))du}ds.
Thus,

z(t) = (¥(to) — Q(to, ¥ (to — ma(to)))

to t
_ Z/t hj(s)i(s)ds) x e~ i H@w)du

j=17to=;(to)
2

FaQtalt-n®)+> [ hils)as)ds

j=17t=7(®)

+ / e s H(“)d“{(—a(s) + hi(s —11(s))(1 = 71(s)))z(s — 11(s))
as)

+ has — ()L~ T4())(s — 7a(s) } ds

+/ e*f;H(“)d“{—H(s)Q(S,x(S —12(8)))

+ _S D(s,u) f(xz(u)) du} ds

2 t + s
- Z/ e s Hw)dupr(g) (/ hj(u):n(u)du> ds.
j=1 to s—7j(s)
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Use (15) to define the operator P : S — S by (Py)(t) = ¢(t) for t € (—o0, to]
and

(Pe)(1) = {¥(to) — Qlto, b(to — 72(t0))

2 L4 |
_ Z/ hj(S)dJ(s)ds} o o i H(w) du

2 t

QU et — )+ Y / hi(s)p(s) d s

j=17t=7i(®)
+ / e SIS (—a(s) + hy(s = () (1= T ()l — 71(5)
(16) to
+ ha(s = 7a(5)) (1 = T5(5))(s = 7a(s)) f s

. / o I H(“)d“{—H(s)Q(s, (s —72(s)))

+ ) D(s,u)f(p(u)) du} ds

2 t s
- e e Aw)dupy(g) ( hj(u)e(u) du) ds,
>, [t

—75(s)

for t > tg. It is clear that (Py) € C(R,R). We now show that (Py)(t) — 0
as t — oo. Since ¢(t) — 0 and t — 7j(t) — oo as t — oo, for each ¢ > 0,
there exists a T1 > ty such that s > T implies that |¢(s — 7;(s))| < ¢ for
j =1,2. Thus, for t > T1, the last term I in (16) satisfies

s

2 )
6| = |Z/ e J: H(u)duH(S) (/ hj(u)go(u)du> ds|
j=17to s—7;(s)
2 T . s
< Z/ e Js H(u>d“\H(s)| (/ |hj(w)]]p(u)] du) ds
j=171 s=7;(s)

—7;(s

s

2 t .
+ / e~ HWdu g (s)) ( / \hxu)w(u)\du) ds
=1 T s—7j(s)
2 T ‘ s
< swp fp(o) Y / esz<“>d“\H<s>\</
) j=1 to S

o>m(to

|hj(u) du> ds

—j(s)

+€Z/ efjH(U>dU|H(s)y(/: \hj(u)ydu)ds.

—Tj(s
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By (13), there exists To > T3 such that ¢ > T implies

sup |Z/ e fHu)du‘H( )| / |hj(u)|du | ds <e.
U>mt0 5—T;(s)

Apply (12) to obtain |Is| < € + ae < 2e. Thus, Is — 0 as t — co. Similarly,
we can show that the rest of the terms in (16) approach zero as t — oc.
This yields (Py)(t) — 0 as t — oo, and hence Py € S. Also, by (12), P
is a contraction mapping with contraction constant «. By the contraction
mapping principle (Smart [16], p. 2), P has a unique fixed point z in S which
is a solution of (1) with z(t) = ¥(t) on (—o0,to] and z(t) = =(t, to,1) — 0
as t — oo.

To obtain the asymptotic stability, we need to show that the zero solution
of (1) is stable. Let & > 0 be given and choose § > 0 (§ < ¢) satisfying
205 Kel® Hwdu 4 qe < 2 If z(t) = x(t,to,) is a solution of (1) with
||| < 6, then z(t) = (Px)(t) defined in (16). We claim that |x(¢)| < e for
all t > ty. Notice that |z(s)| < € on (—o0,tp]. If there exists t* > ty such
that |z(t*)| = € and |z(s)| < € for —o0 < s < t*, then it follows from (16)
that

|ds) — Y Hu)du

|(n<wn+m+z/

to— Tj to)

+L16+62/ s)|ds

t —7; (t*)

*

e [ e ITHOI]|—a(s) (s = m(e)(1 - TG

to
+ |ha(s — 72(s)) (1 — 75(s))| + La|H(s)| + Lst} ds

2 t* * s
+eZ/ e Jo Hudupr(g)] (/ |hj(u)]du>ds
j=1"to s—T;(s)

<25Kef0 Wdu 4 e < ¢,

which contradicts the definition of ¢t*. Thus, |z(t)| < € for all t > to, and
the zero solution of (1) is stable. This shows that the zero solution of (1) is
asymptotically stable if (13) holds.

Conversely, suppose (13) fails. Then by (11) there exists a sequence {t,},
t, — 00 as n — oo such that nlggofg" H(u)du = [ for some [ € RT. We

may also choose a positive constant J satisfying

in
—J < H(u)du < J,
0
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for all n > 1. To simplify our expressions, we define

w(s) = [ = a(s) + hi(s = m1(s))(1 = 71(s))| + LaLs

2 s
Hlhals = ()@ = D+ HEI(T+ Y [ pytldu).
j=1

|
s—;(s)

for all s > 0. By (12), we have

o
/ e~ ST HWAu, (615 <
0

This yields
tn S tn
/ eJo H(")d“w(s) ds < aelo" Hwdu < oJ
0

The sequence { fot melo H (Wduy,(s)ds} is bounded, so there exists a convergent
subsequence. For brevity of notation, we may assume that

o,
lim elo HwWduy, gy d s =,
n—o0 0

for some v € RT and choose a positive integer m so large that

tn
/ eo Hwduy,(s)ds < 6y/4K,

tm

for all n > m, where &y > 0 satisfies 260Ke’ + a < 1.

By (11), K in (14) is well defined. We now consider the solution z(t) =
x(t,tm, ) of (1) with ¥(t,,) = dg and |P(s)| < g for s < t,,. We may
choose 1 so that |z(t)| <1 for t > t,, and

tm

Oltm) = Qe 6t~ 1a(t)) = Y [ hi(s)0le)ds = 5o

j=1 tm_Tj(tm)
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It follows from (16) with z(¢) = (Px)(¢t) that for n > m
|2(tn) — Q(tn, z(tn — T2(t Z/ z(s)ds|
tn— T]
tn
1(506 ftt" H(u)du_/ e—f:"H(u)duw(s)dS
tm
t tn s
= Lgpe Sin @ du _ o fi7 H(u)du/ elo HWduy(5)d s
tm
() du 1 moprydu [ Hw)d
— e Jtm (u)du (250—6_ 0 (u) u/ efo (u) Uw(s)dS)
tm

tn
> = Jin Hw du (;50 — K | el dug(s) ds)
tm

\)

(17)

. %506_ Jim H(u)du > 3506_2‘] S0

On the other hand, if the zero solution of (1) is asymptotically stable, then
z(t) = z(t,tm,¥) — 0 as t — co. Since t, —7;(t,) — 00 as n — oo and (12)
holds, we have

2
r(tn) — Qtn, v(ty — 12(tn))) — Z/t hj(s)xz(s)ds — 0 as n — oo,

jzl n—Tj (tn)

which contradicts (17). Hence condition (13) is necessary for the asymptotic
stability of the zero solution of (1) The proof is complete. O

Remark 2.1. It follows from the first part of the proof of Theorem 2.1 that
the zero solution of (1) is stable under (11) and (12). Moreover, Theorem
2.1 still holds if (12) is satisfied for ¢t > t, for some t, € RT.

For the special case Q(t,x) = 0 and D(¢,s) = 0, we can get

Corollary 2.1. Let mp be differentiable, and suppose that there exist contin-
wous function hy : [my(tg),00) — R where my(ty) = inf{t — 7 (¢t), t > to},
and a constant o € (0,1) such that fort > 0

t—o00

t
lim inf/ hi(s)ds > —oo,
0

and

t
/ h(s)]d s
t—Tl(t)

(18) +/0 e—ffhl(“)d“\—a(s)+h1(8—T1(8))(1—T{(3))|d3

t s
+/ e—f:m(u)duml(s)‘ (/ |h1(u)|du>d5§a.
0 s—71(s)



100 STABILITY IN NONLINEAR NEUTRAL DIFFERENTIAL EQUATIONS. . .

Then the zero solution of (6) is asymptotically stable if and only if
t
/ hi(s)ds — oo as t — oc.
0

Remark 2.2. When 71(s) = r, a constant, hi(s) = a(s + r), Corollary 2.1
reduces to Theorem A. When hi(s) = a(g(s)), where g(s) is the inverse
function of s — 71 (s), Corollary 2.1 reduces to Theorem B.

We give an example to illustrate the applications of Corollary 2.1.
Example 2.1. Consider the following linear delay differential equation
(19) a'(t) = —a(t)x(t — (1)),

where 71 (t) = 0.285¢, a(t) = 1/(0.715¢ + 1). Then the zero solution of (19)
is asymptotically stable.

Proof. Choosing h;(t) = 1.25/(t + 1) in Corollary 2.1, we have

¢ to1.2
/ |h1(s)|ds:/ > ds
t—1(t) o715t S+ 1

t41
125 < 0.4104
N GEES ’

t s
/ e i hl(“)d“\hl(s)] (/ |h1(u)|du> ds
0 s—T1(s)

t
< / —Jraas/eerman 1206 0446 < 04104,
0 1+s

and
/O e e M AU _ g(s) 4 hy (s — 7 (s))(1 — 7)(s))| d s

_ /t o f;(125/(u+1))du1 —1.25 x 0.715
) 0.7155 + 1

1-1.25x0.715 (1.25/(ut1)) d
1.25 x 0.715 /0 o o1 S pds <01
It is easy to see that all the conditions of Corollary 2.1 hold for v = 0.4194 +
0.4194 + 0.1189 = 0.9577 < 1. Thus, Corollary 2.1 implies that the zero
solution of (19) is asymptotically stable.

However, Theorem B cannot be used to verify that the zero solution of
(19) is asymptotically stable. In fact, a(g(t)) = 1/(t+1). As t — oo,

t t 1
a(g(s ds:/ ds
/t—q-l(t)| () o715t S+ 1

t11
B L ik N WYX e
Norsr T 7 mO-715),
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te_fsta(g(“))d“a s ) a(g(s))|du|ds
/ at( ”'(/s_ﬁ@’(g( )] )

t ¢ 1 s 1
:/ o L0/t au L </ du> ds
0 1+s \Jomss ut1

1 t
T i1,

[In(s 4+ 1) —In(0.715s + 1)]d s — —In(0.715),

t
/ e I3 alot) dul ()1 (5)] d s

0
0.285 /t s+1
= ds
t+1 J, 0.715s5+1
0285t (0.285\%In(0.715¢ + 1) _, 0285
0715t +1 0.715 t+1 0.715°

Thus, we have

t t +
i [ ol ds+ [ e oo (o) s

20 e-n(t)

[ R v

s—711(s)
0.285
= —2In(0.71 — ~ 1. .
n(0.715) + 5= = 1.0695

S

lag(s))ldu)ds}

In addition, the left-hand side of the following inequality is increasing in
t > 0, then there exists some ty > 0 such that for ¢ > ¢,

t t
/ la(g(s))] d s + / e I3 a0t Al ()1 (5)] d s
t—71(t) 0

N /Ot e—f;a<g<u>>dum(g(s))\(/s la(g(s))] du) ds > 1.069.

—71(8)

This implies that condition (8) does not hold. Thus, Theorem B cannot be
applied to equation (19). O

Letting 7 = 0, we have

Corollary 2.2. Suppose (2)-(5) hold. Let 7o be differentiable, and suppose
that there exist continuous functions h; : [m;(tg),00) = R for j = 1,2 and
a constant a € (0,1) such that fort >0

t
lim inf/ H(s)ds> —o0,
0

t—o00
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and
t
Lt [ halo)lds
t—TQ(t)
t t
N / e S| a(s) 4 b (s)] + [ha(s = 7a(s)) (1 = 73(5))|
(20) 0
Ly |H(s)| + L2L3} ds
t s
+/ e—f;H(U)du|H(S)’(/ ]hQ(u)]du>ds§Ox,
0 s—T2(s)
2
where H(t) = Zhj(t). Then the zero solution of (9) is asymptotically stable

j=1
if and only if

t
/ H(s)ds — o0 ast — oo.
0

Remark 2.3. When hi(s) = a(s) and ha(s) = 0, Corollary 2.2 reduces to
Theorem C.
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